Abstract. This paper deals with the Orchard crossing number of some families of graphs which are based on cycles. These include disjoint cycles, cycles which share a vertex and cycles which share an edge. Specifically, we focus on the prism and ladder graphs.
Introduction
Let G = (V, E) be a graph. A rectilinear drawing R(G) is an injective mapping of the vertices of G to a set of points in the plane in general position (i.e. no three points are collinear), and a mapping of the edges of G to straight line segments between the corresponding points. An intersection of an edge of R(G) with a straight line generated by a different pair of points of R(G) is interpreted as an Orchard crossing (following the Orchard relation introduced in [3, 4] ). If c(s, t) counts these Orchard crossings for an edge (s, t) ∈ E, then the number c(R(G)) of Orchard crossings of R(G) is:
c(R(G)) = (s,t)∈E c(s, t);
note that the sum is taken only over the edges of the graph, whence c(s, t) counts all the lines generated by pairs of points.
The Orchard crossing number of G, OCN(G), is the minimum over all rectilinear drawings R(G) of G:
{c(R(G))}.
Note that the maximum Orchard crossing number of G (denoted by MOCN(G) and defined as the maximal number of crossings over all drawings of G) is also interesting due to Proposition 2.7 in [5] which states that MOCN(K n ) and the rectilinear crossing number cr(K n ) (see [1, 7, 8] ) of the complete graph K n are attained by the same realization R(K n ). In general, the determination of MOCN(G) might be easier than the determination of cr(G). Furthermore, the concept of the Orchard crossing number can be considered in higher dimensions too (see [3] ). In [5, 6] , we have computed the Orchard crossing number for some families of graphs.
In this paper, we deal with the Orchard crossing number of some families of graphs which are based on cycles. These include disjoint cycles, cycles which share a vertex and cycles which share an edge. Note that in the context of the rectilinear crossing number, all of these families have no crossings, since all of these graphs are planar. Therefore, the Orchard crossing number succeeds to differentiate between these graphs.
Mainly, we have the following results: Theorem 1.1.
(1) Let G be the graph consisting of a disjoint union of x cycles of order n. Then:
(2) Let G be the family of graphs which share the property that they consist of a closed chain of x cycles of order n, each attached to the adjacent cycle by a vertex. Then:
(3) Let G be the family of graphs which share the property that they consist of an open chain of x cycles of order n, each attached to the adjacent cycle by a vertex. Then:
(4) Let G be the graph consisting of x cycles of order 3 all attached at a common vertex. Then:
(5) Let P n be the n-prism graph (see its definition in Section 6). Then for even n > 4, we have:
For odd n > 4, we have:
(6) Let L n be the n-ladder graph (see its definition in Section 7). Then for odd n > 5, we have:
For even n > 5, we have:
The paper is organized as follows. In section 2, we state some important observations. In Section 3, we deal with the graph consisting of a disjoint union of x cycles of order n. In Section 4, we deal with the family of graphs consisting of a chain of x cycles of order n with adjacent cycles attached to each other at one vertex. In Section 5, we deal with a graph consisting of x cycles of order 3 all attached at a common vertex. Section 6 deals with the n-prism graph and Section 7 deals with the n-ladder graph.
Easy observations
The following observations are very easy, but will be used numerous times throughout the paper (see examples in Figure 1 ). Observation 2.1.
(1) A point inside a cycle of order n contributes at least n Orchard crossings, and this minimum is attained in the case that the cycle is in convex position. (2) A point outside a cycle of order n contributes at least n − 2
Orchard crossings, and this minimum is attained in the case that the cycle is in convex position.
(a) (b) Figure 1 . Part (a) illustrates n − 2 Orchard crossings on a cycle of order n determined by a point outside the cycle, while part (b) illustrates n Orchard crossings on a cycle determined by a point inside an n-cycle.
The Orchard crossing number of a disjoint union of x cycles
In this section, we compute the Orchard crossing number of the graph consisting of a disjoint union of x cycles of order n. Proposition 3.1. Let G be the graph consisting of a disjoint union of x cycles of order n. Then:
which is attained on the realization placing all the nx points in convex position with the points representing each cycle adjacent to each other around the convex hull (see Figure 2 for an example for n = 4, x = 3). Proof. It is easy to see that the above-mentioned realization has indeed n(n − 2)x(x − 1) Orchard crossings, since each of the x internal chords has n(n − 2)(x − 1) Orchard crossings (following the fact that there are n − 2 points on one of its sides and n(x − 1) points on its other side).
On the other hand, based on Observation 2.1, any point separated from a cycle contributes at least n − 2 Orchard crossings (since any point inside the cycle contributes at least n crossings, and any point outside the cycle contributes at least n − 2 crossings). For each of the x cycles, we have n(x−1) such points, so we have at least n(n−2)x(x−1) distinct Orchard crossings (they are distinct, because the edges of the cycles are disjoint, and the Orchard crossings are located on the edges of the cycles). Therefore, OCN(G) ≥ n(n − 2)x(x − 1), and we are done.
Remark 3.2. The same proof will work also for a disjoint union of cycles of different orders. The formula for the Orchard crossing number will be changed accordingly.
The Orchard crossing number of a chain of x cycles
In this section, we compute the minimal value of the Orchard crossing number over the family of graphs consisting of closed and open chains of x cycles of order n with adjacent cycles attached to each other at one vertex (see Figures 3 and 4 for examples for the minimal values for a closed chain and an open chain, respectively). The reason that this is indeed a family of graphs is due to the fact that the varied distance between the two points of each cycle which are shared with adjacent cycles determines different graphs.
Proposition 4.1. Let G be the family of graphs which share the property that they consist of a closed chain of x cycles of order n, each attached to the adjacent cycle by a vertex. Then:
This minimum is attained by the graph in which the two points of each cycle which are shared with another cycle are adjacent to each other. The realization of this graph which yields this minimum places all the (n − 1)x points in convex position with the points representing each cycle adjacent to each other around the convex hull (see Figure 3 for an example for n = 4, x = 3). Proof. It is easy to see that the above-mentioned realization has indeed x(n − 2)(xn − x − n) Orchard crossings, since each of the x internal chord has (n − 2)((x − 1)(n − 1) − 1) Orchard crossings (following the fact that there are n − 2 points on one of its sides and (x − 1)(n − 1) − 1 points on its other side). Hence:
On the other hand, based on Observation 2.1, given any graph G ∈ G, any point separated from a cycle contributes at least n − 2 Orchard crossings. For each of the x cycles, we have (n − 1)(x − 1) − 1 such points, so we have at least x(n − 2)((n − 1)(x − 1) − 1) distinct Orchard crossings (since again the edges of the cycles are disjoint). Therefore:
and we have equality.
The situation for an open chain is almost the same, so we only formulate the result: Proposition 4.2. Let G be the family of graphs which share the property that they consist of an open chain of x cycles of order n, each attached to the adjacent cycle by a vertex. Then:
This minimum is attained by the graph in which the two points of each cycle which are shared with another cycle are adjacent to each other. The realization of this graph which yields this minimum places all the (n − 1)x + 1 points in convex position with the points representing each cycle adjacent to each other around the convex hull (see Figure 4 for an example for n = 4, x = 3). In this section, we compute the Orchard crossing number for some subcases of the family of graphs consisting of x cycles sharing a common vertex.
5.1. The case of x cycles of order 3. Here, we treat the case of a graph consisting of x cycles of order 3, all attached at a common vertex:
Proposition 5.1. Let G be the graph consisting of x cycles of order 3 all attached at a common vertex. Then:
where K 2x,1 is the complete bipartite graph on two sets, one of 2x vertices and one of 1 vertex. This number is attained by the realization placing the common point in the center of a circle, the other 2n points on that circle, and the non-common points of each 3-cycle adjacent to each other. Moreover, there is exactly one cycle of order 3 which lies in the area bounded by the two lines generated by the central point and the two other points of each cycle (see Figure 5 for an example for x = 4). Figure 5 . The best realization of a graph consisting of x cycles of order 3, all attached at a common vertex. In the gray area, there can be only one cycle (in order to have no Orchard crossings on the edges located on the convex hull).
Proof. Note that the graph K 2x,1 is a subgraph of G on the same set of vertices. Therefore:
On the other hand, the realization of G presented in the formulation of the proposition has no additional Orchard crossings than those of K 2x,1 (this is due to the additional requirement on the manner of the placement of the points on the circle). Therefore, we have:
Thus, we have an equality. Now, substituting 2x for n in the Orchard crossing number for the graph K n,1 ,
yields the claimed result.
Remark 5.2. The argument of the proof will not work in the case of a graph G consisting of x cycles of order n attached at a common vertex for n > 3. This is because for n > 3, the graph K (n−1)x,1 is no longer a subgraph of G.
5.2.
The cases of two and three cycles of order n. The case of a graph G consisting of two cycles of order n which share a common vertex is actually a subcase of an open chain of length 2. Thus, substituting 2 for x in Proposition 4.2 yields that:
The case of a graph G consisting of three cycles of order n which share a common vertex is treated in the following proposition. Its proof is similar to the proof of Proposition 4.1.
Proposition 5.3. Let G be the graph consisting of three cycles of order n, all attached at a common vertex. Then:
This number is attained by the realization placing the common point in the center of a circle, the other 3(n − 1) points on that circle, and the non-common points of each n-cycle adjacent to each other. Moreover (as in the previous proposition), there is exactly one cycle of order n which lies in the area bounded by two lines generated by the central point and the two points adjacent to the center in the same cycle (see Figure 6 for an example for n = 4).
The Orchard crossing number of the n-prism
The n-prism graph, denoted by P n , is a graph consisting of 2n vertices and 3n edges organized as two cycles of order n, with the corresponding vertices of the cycles connected by edges (see Figure 7 for an example for n = 5).
In this section, we deal with the Orchard crossing number of the nprism. We start by constructing drawings for the upper bound. Then, we supply two lower bounds. For even n > 4, we have:
Proof. For the 3-prism P 3 and the 4-prism P 4 , the upper bounds are attained by the drawings presented in Figure 8 .
For n > 4, the upper bound for the Orchard crossing number of the n-prism graph is attained by the following construction. Draw a regular 2n-gon. Starting from any point, color the vertices white and black (corresponding to the two cycles of order n) as follows: two whites, two blacks, two whites, two blacks, etc. For the case of odd n, the last two vertices will be one white and one black. Now connect the white (resp. black) vertices around the 2n-gon so that each white (resp. black) vertex is connected to its closest clockwise Figure 8 . The realizations for the 3-prism and the 4-prism which yield the upper bounds white (resp. black) neighbor. For even n, we complete the graph by filling in the remaining edges around the 2n-gon. For odd n, in completing the graph we do not draw the edge between the single white vertex and the single black vertex (see Figure 9 for both cases).
(a) (b) Figure 9 . The realizations which yield the upper bounds for the n-prism graph; part (a) for even n and part (b) for odd n
In these drawings, all edges on the 2n-gon have no Orchard crossings at all (since there are no points inside the convex hull). In the case of even n, we have n additional edges, each contributing 2(2n − 4) Orchard crossings, yielding the claimed upper bound of 4n(n − 2). For the case of odd n, we have n − 1 additional edges, each contributing 2(2n − 4) Orchard crossings and two edges, each contributing 2n − 3 Orchard crossings. This yields 2(n − 1)(2n − 4) + 2(2n − 3) Orchard crossings, which is equal to the claimed upper bound. Now, we move to the lower bounds:
Proof. We show that the Orchard crossing number is larger than (or equal to) both numbers appearing in the formulation of the result.
We start with the bound 3n(n − 2). For each of the n cycles of order 4, each of the 2n − 4 points separate from it contributes two Orchard crossings (by Observation 2.1) on the edges of these cycles. For each of the two cycles of order n, each of the n points separate from it contributes n − 2 Orchard crossings on the edges of these cycles (again, by Observation 2.1). This gives a total of 2n(2n − 4) + 2n(n − 2) = 6n(n − 2)
Orchard crossings.
However, in these cycles, each edge of the graph is counted exactly twice. The reason for this is as follows: the edges shared by two cycles of order 4 are counted twice, once for each of these cycles. These edges are not in the cycles of order n. On the other hand, the edges in the cycles of order n are the edges not shared by two cycles of order 4, but are only on one cycle of order 4. Thus, we have to divide 6n(n − 2) by 2 and we get the required lower bound. Now, we pass to the second bound 4n(n − 3). The n-prism P n contains n cycles of order 4. As each cycle has 2n − 4 vertices separated from the cycle, we know by Observation 2.1 that each of these cycles determines 2(2n−4) Orchard crossings on the edges of that cycle. However, there are n edges which are counted in two cycles. Therefore, we must subtract the number of Orchard crossings on these edges which will be overcounted.
To do this, we consider two cycles of order 4 which share a common edge. For each of these cycles, we count crossings determined by pairs of points, one of which is in the cycle and the other of which is not in the cycle. The only pairs which will be counted in both cycles and will therefore be overcounted in our count of Orchard crossings are those with the following property: both points are not on the shared edge, and one point is in each of the two cycles of order 4 (see Figure 10 ). Since each cycle has two points not on the shared edge, we have 4 such pairs and therefore 4 possible overcounted Orchard crossings for each of the n shared edges in the graph. Thus, we have a lower bound of 2n(2n − 4) − 4n = 4n(n − 3) as claimed. (1) Note that for n ≤ 6, 3n(n − 2) ≥ 4n(n − 3) and for n > 6, 3n(n − 2) < 4n(n − 3). Figure 10 . In the presented segment of P n , the Orchard crossing (which is encircled) on the bold edge generated by the dotted line is counted twice, once for each of the upper and lower cycles of order 4.
(2) Moreover, observe that in the realizations which yield the upper bound (see Figure 9 ), there are no overcounts at all (since the shared edges between two adjacent cycles of order 4 are placed on the convex hull, and hence have no crossings on them). (3) It is worth mentioning that asymptotically, the lower bound and the upper bound are the same.
The Orchard crossing number of the n-ladder
The n-ladder graph, denoted by L n , is a graph consisting of 2n vertices and 3n − 2 edges organized as a ladder, i.e. we have a sequence of n − 1 cycles of order 4 where any two consecutive cycles share an edge (see Figure 11 for an example for n = 5). Note that the n-ladder graph has two edges less than the n-prism graph. Proof. Consider one cycle of order 4. It has two points outside of it. By Observation 2.1, each of these two points generates at least two Orchard crossings on the edges of the cycle. Therefore, we have at least 4 Orchard crossings. This bound is realized by the relevant drawing in Figure 12 . 7.2. Upper and lower bounds for the n-ladder, n ≥ 5. We start with the upper bound.
Proof. The drawing for the upper bound for the Orchard crossing number of the 5-ladder L 5 is attained by the relevant drawing in Figure 12 .
The drawing for the upper bound for the Orchard crossing number of the n-ladder for n > 5 is very similar to that of the n-prism (see Section 6) . The difference between these graphs is that the n-ladder does not contain any cycles of order n. Thus, for the drawing of the n-ladder, we follow the drawing of the n-prism, but we do not connect the final edge of the white (resp. black) cycle. For the case of even n, the edges which are omitted must be in the same cycle of order 4 in P n . For the case of odd n, the edges which are omitted are the edges connecting two white (resp. black) points which have a single black (resp. white) point in between them (see Figure 13 for both cases).
(b) (a) Figure 13 . The realizations which yield the upper bound for the n-ladder; part (a) for even n and part (b) for odd n. The dotted edges are the two omitted edges from the realizations of the upper bound for the n-prism (see Figure 9 ).
To count the Orchard crossings in this drawing, we again notice that all edges around the 2n-gon have no Orchard crossings. For both even and odd n, we have n − 1 edges which have 2(2n − 4) Orchard crossings each. This yields an upper bound of 4(n − 1)(n − 2) Orchard crossings as claimed.
Remark 7.4. The drawing of L 6 can also be drawn similar to the way L 3 , L 4 and L 5 were drawn (both drawings of L 6 have the same number of Orchard crossings). Now, we move to the lower bounds: Proposition 7.5. For odd n > 5, we have:
Proof. The method of attaining lower bounds is similar to the case of the n-prism. We start with the first bound. We find a set of cycles which counts each edge of the graph twice. We determine the number of Orchard crossings which must exist on the edges of these cycles, and we divide by 2 to get a lower bound for OCN(L n ). We first consider the case of even n. We start with two cycles of order n + 2 (see Figure 14) : one cycle contains the top rung of the ladder (the upper cycle) and the other cycle contains the bottom rung of the ladder (the lower cycle). We also consider n − 2 of the n − 1 cycles of order 4 contained in the graph. We choose these cycles so that we exclude the only 4-cycle which contains both an edge of the upper cycle and an edge of the lower cycle. This set of cycles counts each edge of the graph twice. We now count the necessary Orchard crossings on these edges. By Observation 2.1, for each cycle of order n + 2, we have at least n(n − 2) Orchard crossings and for each cycle of order 4, we have at least 2(2n − 4) Orchard crossings. This gives us a total of
Orchard crossings as claimed. We consider the case of odd n: We start with one cycle of order n+ 3 and one cycle of order n + 1. The cycle of order n + 3 contains the top rung of the ladder and the cycle of order n + 1 contains the bottom rung of the ladder. We also consider n − 2 of the n − 1 cycles of order 4 contained in the graph. We choose these cycles so that we exclude the only 4-cycle which contains both an edge of the upper cycle and an edge of the lower cycle. This set of cycles counts each edge of the graph twice.
We now count the necessary Orchard crossings on these edges. By Observation 2.1, for the cycle of order n + 3 we have at least (n + 1)(n − 3) Orchard crossings, for the cycle of order n + 1 we have at least (n − 1)
2 Orchard crossings, and for each cycle of order 4 we have at least 2(2n − 4) Orchard crossings. This gives us a total of 1 2 [2(n − 2)(2n − 4) + (n − 1) 2 + (n + 1)(n − 3)] = 3n 2 − 10n + 7
Orchard crossings as claimed.
Now we move to the second bound 4(n − 2)(n − 3). The n-ladder L n contains n − 1 cycles of order 4. As each cycle has 2n − 4 points separated from the cycle, we know by Observation 2.1 that each of these cycles determines 2(2n − 4) Orchard crossings on the edges of the cycle. However, there are n − 2 edges which are counted in two adjacent cycles. We therefore must subtract the number of Orchard crossings which may be overcounted. As in the case of the n-prism P n , we have 4 possible overcounted Orchard crossings for each of the n − 2 shared edges in the graph. Thus, we have a lower bound of 2(n − 2)(2n − 4) − 4(n − 2) = 4(n − 2)(n − 3) as claimed.
Remark 7.6.
(1) Note that for n ≤ 8, 3n
2 − 10n + 8 ≥ 4(n − 2)(n − 3) and for n > 8, 3n
2 − 10n + 8 < 4(n − 2)(n − 3). (2) As before, observe that in the realizations which yield the upper bound (see Figure 13) , there are no overcounts at all (since the shared edges between two adjacent cycles of order 4 are placed on the convex hull, and hence have no crossings on them). (3) It is worth mentioning that as in the case of the prism graph, the lower bound and the upper bound are asymptotically the same.
